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Natural Modes of Modified Structures

John F. Baldwin and Stanley G. Hutton
The University of British Columbia, Vancouver, Canada

Nomenclature
C = matrix of admixture coefficients for mode shape

changes
/ = identity matrix
K = symmetric stiffness matrix .
£_ = modification vector
M = symmetric mass matrix
u = modification vector in modal coordinates
x — displacement vector
z = displacement vector in modal coordinates
a. = magnitude of local stiffness modification
A = change between baseline and modified structures
X = natural frequency of modified structure
$ = modal matrix with columns <j>k
<t>k = kih mode shape vector
<t>i = Ath mode shape vector of modified structure
ft = frequency matrix with diagonals co2

oo = natural frequency of baseline structure

Note: Capitalization indicates a matrix.

I. Introduction

THE ever-increasing need to improve the efficiency of
structural systems places a growing importance on

dynamic analysis in the design or development cycle. A great
deal of effort has been directed at defining potential vibra-
tion problems and sophisticated testing and analysis pro-
cedures now exist to help identify such problems. In par-
ticular, the finite element method can be used to obtain a
detailed analytical estimate of system characteristics. Thus,
from a knowledge of the service and load conditions, poten-
tial vibration problems can be identified. At this stage of the
design cycle, the proposed structure undergoes a series of
modifications aimed at eliminating such problems and, in
some way, optimizing the design of the structure. Each step
in this process requires the analysis of a modified structure
that is often only slightly different from a structure previously
analyzed. This complete reanalysis of the structure (or sub-
structure) may be an expensive and time-consuming task and
make the detailed refinement of the proposed structure
difficult.

It is within this context that the methods of structural
dynamics modification have evolved. The dynamic effect of
a modification on a structure is treated directly as an
analysis problem involving the known dynamic properties of

the unmodified structure rather than a complete reanalysis
of the modified structure. These methods offer a more effi-
cient approach to the problem of determining the "op-
timum" modification required to ensure that the structure
has satisfactory vibration characteristics.

This paper presents a detailed review of structural
dynamics modification techniques. The available literature is
sizeable and somewhat disparate, and it is felt that research-
ers and designers working in this area will benefit from this
survey. Furthermore, a number of different approaches to
the problem, which at first sight appear unrelated, have been
discussed in the literature. In this work an attempt has been
made to present these approaches from a unified viewpoint.

Two earlier survey papers document much of the work in
this area. Pierson1 describes many of the sensitivity-based
approaches but concentrates mostly on optimization tech-
niques, and Arora2 provides an excellent review of reanalysis
techniques for both the static and dynamic problems. More
recently, however, renewed interest in these problems has led
to further work in this area and a refinement of available
techniques. The following two sections present a description
of these developments and their various applications.

II. Modification Techniques
The general problem of structural dynamics modification

can be derived by starting with the vibration characteristics
of an initial, or baseline, design which are obtained from
the solution of the discrete structural vibration problem
(typically formulated using finite elements):

(1)

Solution of this equation yields the eigenvalue matrix Q with
diagonals o>2, and the modal matrix $ with columns (/>,.

Introducing completely arbitrary modifications to the
baseline structure stiffness and mass matrices, AAT and AM,
the vibration characteristics of the modified structure are ob-
tained in general from the solution of

(2)

where X2 is the new eigenvalue of the modified structure.
Note that AK and AM are the stiffness and mass matrices of
the actual physical modification and will, in practice, contain
many zero elements. Because the configuration of the struc-
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ture is not changed, the mode shapes (eigenvectors) of the
baseline structure form a complete vector basis for the
modified structure. Hence, transforming to modal coor-
dinates z and premultiplying by <l>r, Eq. (2) becomes

= 0 (3)

=/ and,

(4)

Consider the derivative of Eq. (1) with respect to a change
in the y'th structural parameter,

For orthonormal modes
therefore, Eq. (3) becomes

= tt and

= 0

Equation (4) represents the general structural dynamics
modification problem and is a new eigenvalue problem for
the modified structure with eigenvalues X? and mode shapes
(in modal coordinates) z/. Q and / are diagonal, but for an
arbitrary modification AAT, AM, 3>rAAT<i>, and $rAM<l> will
be full matrices. In general, the solution of Eq. (4) offers no
advantage over a complete reanalysis. However if certain
assumptions are made about the form of the modification
that is permitted, then it can be shown that significant
simplification of Eq. (4) is possible. The nature of the
modification allowed determines the type of the resulting
modification problem. These alternate techniques of struc-
tural dynamics modification can be grouped into three
categories: techniques based on small modifications, tech-
niques based on localized modifications, and techniques based
on modal approximation. These three basically different
formulations of the structural dynamics modification prob-
lem will be discussed in some detail.

Techniques Based on Small Modifications
The formulation of a structural dynamics modification

technique based on small modifications has been derived by
three separate approaches. These are based on Rayleigh's
principle, eigenvalue derivatives, and modal perturbation,
and lead to very similar formulations. These three ap-
proaches to this common formulation illuminate different
aspects of the problem and are each considered.

Rayleigh 's Method
Perhaps the simplest approach to the problem is to use

Rayleigh's method. It is assumed that, for small modifica-
tions, the mode shapes do not change appreciably and,
hence, can be used in Rayleigh's formula to determine the
natural frequencies of the modified structure. The approach
is discussed in a finite element text by Irons and Ahmad.3

Applying Rayleigh's method, for a baseline structure with
a natural frequency co? and associated mode shape </>/, to the
modified structure gives

(5)

Simplifying and assuming Aco/co, to be small leaves

Acof (6)

This is an expression for the relative change in a natural fre-
quency due to a structural modification that only involves
the vibration characteristics of the baseline structure and the
structural modifications. Equation (6) shows that the mode
shape of the baseline structure provides sensitivities for
simple point mass or stiffness modifications.

Sensitivity Approach
A more rigorous approach is to consider the structural

modification problem in terms of a rate of change of an
eigenvalue with respect to a structural parameter change.

Premultiplying by 0f and solving for do^/dpj [noting that
the last term drops out because of Eq. (1) and symmetry of
K and M] gives

This may then be used in a Taylor series expansion to give a
first-order approximation to the natural frequencies of the
modified structure. Hence,

J ) = co? (Pj0 ) + (PJ -Pj dpj (9)

Then substituting Eq. (8) into Eq. (9) and assuming unit
modal mass,

Aco? = L
' dK ? dM\

(10)

Equation (10) provides an expression for the effect of a
structural modification on the natural frequencies of the
system. For a small parameter change Apj(dK/dpj) is just
AAT, and Eq. (10) reduces to the same form as Eq. (6). Equa-
tion (9) shows that, to a first-order approximation, the
change in frequency does not depend on the change in mode
shape. It is this fact that allows the modification methods to
offer an efficient alternative to a complete reanalysis for
small-magnitude structural modifications. Early work in this
area was conducted by McCalley4 and Wittrick.5 Farshad6

has considered the related continuum problem and, in
general, the mathematical foundations have been discussed
by Lancaster.7

A major treatment of the entire problem, including the
calculation of the modified structure mode shapes using the
derivative approach, was presented by Fox and Kapoor.8

The first-order solution was discussed. Two methods were
derived to calculate the mode shape derivatives. The first
method expressed the eigenvector derivatives in terms of a
series expansion in the unmodified eigenvectors and, hence,
required the knowledge of the full modal characteristics of
the baseline structure (although truncation is possible). A
second method, which is potentially more attractive, was
also derived. It expressed the eigenvector derivative only in
terms of the corresponding frequency and eigenvector of the
baseline structure. However, numerical difficulties were en-
countered with this second method and prevented its suc-
cessful implementation. Kiefling9 in a short Note suggested
possible improvements to overcome these numerical dif-
ficulties. These were incorporated by Hasselman and Hart10

but were not found to alleviate the problem. The difficulty
was eventually solved by Nelson,11 whose method also took
advantage of the banded nature of the equations. Whitesell12

presented a method of calculating the eigenvector derivatives
that uses only 0(n2) calculations (where « = size of system)
independent of the sparsity of the equations. [The eigen-
value problem in general uses 0 («3) calculations.}

The classical methods of sensitivity analysis assume that
the structure is linear and kinematically determinate. This
simplifies the sensitivity calculations because the compat-
ibility conditions are not influenced by the structural
parameters. For the displacement formulation of the finite
element method, the compatibility conditions represent the
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If changes are introduced to the system as

element connectivities only and are independent of the struc-
tural parameters. Using analogies to electrical network
theory, Van Belle13 presents a theory of adjoint structures to
calculate the differential sensitivities of mechanical struc-
tures. A flexibility approach is used. This work has been ex-
tended by Vanhonacker14 to calculate the sensitivities of
natural frequencies and mode shapes. The effects of viscous
damping have been included.

Though not adding to the classical structural vibration
problem, the calculation of derivatives of eigenvalues and
eigenvectors has been extended to include unsymmetric and
non-self-adjoint systems.11-15'18 Taylor and Kane19 discuss
the quadratic eigenvalue problem. These methods are a for-
mal generalization of Fox and Kapoor's work8 and could be
of interest in problems with nonclassical damping.

The differential sensitivity methods have also been ex-
tended to handle the finite modification problem. Second-
order terms have been included in a Taylor series expansion
of the eigenvalue problem about the unmodified structure.
Miura and Schmit,20 Vanhonacker,14 Van Belle,21 Rizai and
Bernard,22 and Rudisill and Bhatia23 have presented for-
mulations of this.

Perturbation Approaches
A third approach which also leads to sensitivity-type for-

mulations involves the use of perturbation methods and is
essentially a generalization of Rayleigh's method. These
methods provide a clearer understanding of the involvement
of the mode shapes. Equation (1) can be rewritten in the
form

(11)

M'=M+AM

Q ' = Q + AQ, <$>'=$ + A$ (12)

then Eq. (11) becomes, for the modified structure,

(13)

(14)

where C has zero diagonal elements and defines the contribu-
tion of original modes to the modified modes. Neglecting
terms of A2 and higher, and assuming that the mode shapes
have been normalized to have unit modal mass, Eq. (13)
becomes

(15)

Equation (15) is a matrix equation involving structural
changes on the left, whereas on the right AO is a diagonal
matrix of frequency changes, and the terms involving C are
all off-diagonal and represent the participation of other
baseline mode shapes in a mode shape change. Notice that
the diagonal terms are of the same form as Eq. (10).

The first treatment of the structural modification problem
was by Rayleigh,24 who used this type of approach and
derived an approximate solution in terms of modal coor-
dinates from energy expressions. Jones25 extended this work
to include general perturbations and derived expressions for
frequency and mode shape changes. The derivation
presented was confined to systems with no inertial coupling,

It is convenient to express the new mode shapes as

but it was the first to use the fact that the new mode shapes
may be expressed in terms of a series of the unmodified
mode shapes, since these form a set of basis functions for
both systems. The perturbation problem was also presented
in a more general mathematical form by Wilkinson26 and
Bellman.27

Romstad et al.28 investigated a variety of more general
perturbation formulations using a power series approach.
Finite perturbations were considered and several second-
order approximations were investigated for a buckling eigen-
value problem. White and Mayton29 also examined the
perturbation problem. The earlier work by Jones25 also
considered finite perturbations, however, because of compu-
tation barriers, only simple infinitesimal examples were
considered.

Stetson30'31 presented a powerful application by using
holographic interferometry to experimentally determine the
vibration modes for a prototype and then predicted the ef-
fect of small changes to the prototype analytically by means
of the perturbation equations. The perturbation equations
derived are similar to Jones25 but allow for inertial coupling.

Of considerable practical interest is the solution to the in-
verse problem of determining the structural modifications
necessary to meet specified constraints on frequencies and
mode shapes. Stetson et al.32'34 have extended the modal per-
turbation approach to treat this problem. Theirs was one of
the first formulations of the reanalysis problem that con-
sidered constraints on both the frequency and the mode
shapes. Sandstrom and Anderson35 extended this work by
relating the physical changes in frequency and mode shape
directly to changes in structural parameters. This is an im-
portant difficulty for practical applications. These
algorithms have been implemented into a general-purpose
program.36

Sandstrom, Anderson, and others at the University of
Michigan37'39 report that the linear energy formulation [Eq.
(15)] gives good accuracy for frequency goals, but is often
not accurate for significant mode shape changes.39 They
have further generalized the capabilities of the modal pertur-
bation formulations by extending the treatment to include
finite modifications. They developed two competing
methods, one using nonlinear mathematical programming39

and the other involving an incremental predictor-corrector
approach.38 The methods have been successfully applied to
large structural redesign problems.

Techniques Based on Localized Modifications
A completely different formulation of the structural

modification problem has been derived by considering
modifications of a localized nature but of arbitrary
magnitude. In 1948, Young40 presented an analytical method
for a beam modification problem that used the modal prop-
erties of the beam in a characteristic equation whose roots
were the eigenvalues of the modified system. Lee and
Saibel41 used a slightly different approach to derive a
characteristic determinant having the same order as the
number of stiffness modifications made in the system. Das
and Navaratna42 extended Young's work to treat two-
dimensional systems and analyzed a rectangular-plate prob-
lem. None of these early references was concerned with find-
ing the mode shapes of the modified structure.

Using similar techniques, Weissenburger43'44 developed the
Eigenvalue Modification Method to give the complete solu-
tion to the localized structural modification problem in-
cluding the new mode shapes. This technique can be dis-
cussed by considering the general structural modification
problem as described by Eq. (4). For simplicity, consider only
stiffness modifications and let the stiffness modification be
localized so that it may be expressed as a vector product

(16)
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where a. is the stiffness constant and ^a column vector used
to define the location of the modification. By defining u = $T£,
Eq. (4) may then be written as

(17)

Equation (17) is thus the eigenvalue problem resulting from a
localized stiffness modification. The advantages of the eigen-
value modification method now appear. By considering a
general row of the matrix equation (17), the unknown com-
ponents of the eigenvector z can be expressed directly in
terms of the baseline frequencies and can be used to un-
couple Eq. (17) to give

(18)

Therefore, the eigenvalues of the modified structure A2 are
just the roots of Eq. (18). A Newton-Raphson method is
used to solve this characteristic equation. Notice that unlike
the perturbation or sensitivity methods, the eigenvalue
modification formulation is exact for arbitrarily large (albeit
local) modifications.

Pomazal45 and Pomazal and Snyder46 have generalized
Weissenburger's work to incorporate nonclassical damping,
unsymmetrical matrices, and multiple eigenvalues. Also,
O'Callahan and Avitabile47 have considered systems with
high damping ratios and complex modes. Complex modes
were felt to be important when the modifications tended to
increase the critical damping ratio or make the damping non-
proportional.47

A method known as Diakoptics was developed by Kron48

for the piecewise solution of large-scale structures. This pro-
cedure has been extended by Simpson and Tabarok49 and
Simpson.50'51 Hallquist52'53 and Hallquist and Snyder54"57

have incorporated these concepts into the eigenvalue
modification method to generalize its formulation of the
structural modification problem. Stiffness, mass, and damp-
ing modifications can be made with equal ease. Successive
modifications are discus-sed and it is shown that the connec-
tion of substructures can be treated as a structural modifica-
tion problem. The effects of modal truncation as an approx-
imation are also examined.

Hallquist also discussed a method of considering nonlocal
modifications. The eigenvalue modification method is based
on the expression of a local structural modification as a SQ-
called tie vector. Hallquist52 showed that a nonlocal
modification could be expressed as a series of tie vectors by a
spectral decomposition of the modification. The eigenvectors
of this decomposition then represented a series of such vec-
tors that could be used to modify the structure successively.
A direct solution with a set of tie vectors was also derived
which yielded a characteristic determinant having the same
order as the number of ties. Hirai et al.58 also proposed a
similar approach. Wang et al.59'61 and Palazzolo62 have ex-
tended this approach and implemented it in a general
modification program.60

The spectral decomposition of a general modification into
a series of tie vectors has been examined further by Chou63

and O'Callahan and Chou,64 who have implemented a
general modification procedure for a three-dimensional beam
element. Luk65 and Luk and Mitchell66'68 have also derived a
similar treatment for three-dimensional truss elements.

Techniques Based on Modal Approximation
A third formulation of the modification problem, utilizing

a condensation-type method, has been used by several re-
searchers.28'69 The foundation for all of the structural
modification methods was the fact that the eigenvectors of
the unmodified structure form a complete vector basis to

describe the motion of any modified structure. The strength
of these modification procedures came from the fact that the
modifications could be handled more easily when expressed
in modal coordinates. In practice, only a partial modal set is
generally known, hence the transformation to modal coor-
dinates also represents a projection onto a modal subspace.
The full modification eigenvalue problem of order TV is pro-
jected onto a partial modal space of order M (which is much
less than TV). This condensed eigenvalue problem can be
solved directly since M will typically be an order of
magnitude less than TV. Note that this approach does not
assume that the modifications are either small or localized.
Instead it represents an approximate solution to the general
modification eigenvalue problem equation (4). Notice also
that, in practice, the two alternate formulations based on
restrictions to finite or localized modifications must also be
solved with a truncated modal set. This raises important con-
siderations about the convergence capabilities of all three
formulations. In practice this does not appear to be a prob-
lem, but few general conclusions have been reported for any
of the formulations. Romstad et al.28 have presented work in
this area.

III. Applications
The methods of structural dynamics modification have

seen application to a variety of problems. Foremost is the
structural redesign problem where the savings offered by an
efficient solution to the modified eigenvalue problem are
very important.69'36'60 This reanalysis is also an integral part
of explicit optimization schemes and the methods described
here (especially the sensitivity approach) have been of great
relevance to computer optimization techniques,1-70"77 many
of which are concerned with minimum weight design. A
related problem has been the statistical variation of struc-
tural parameters and its effects on the dynamics of
structures.78'79'4

In recent years these methods have begun to offer a very
powerful bridge between experimental and analytical work.
The problem of correlating an analytical model with ex-
perimentally obtained dynamic results was treated using a
sensitivity approach by Taylor.80 Hypothetical analytical
modifications to an experimental model have also been con-
sidered.30'81 The expanding minicomputer technology has
helped to create powerful tools for dynamic troubleshooting
by combining modal analysis and dynamic testing82 with the
eigenvalue modification method.83"85 Recent developments in
this area were reported at the Second International Modal
Analysis Conference.60'64'67"69'86'87

Although the developments described herein have been in
terms of the structural vibration problem, the methods
presented are of course applicable to the general eigenvalue
problem. Other eigenvalue problems that have been con-
sidered are the flutter problem23 and the buckling
problem.5'28

Structural dynamics modification techniques have been in-
corporated into a variety of commercially available pro-
grams. These cover a wide range of capabilities and are
based on one or more of the three formulations described in
Sec. II. For the most part, the programs fall into two
categories. One type is primarily oriented toward mini-
computers and often ties into experimental modal analysis
programs. The other type is oriented toward redesign of
large structures and, hence, run on mainframe computers
and generally interface with a general-purpose finite element
program such as NASTRAN. Examples of the first type are
marketed by Structural Measurement Systems, ENTEK,
ZONIC, NICOLET, Structural/Kinematics, Structural
Dynamics Research Corp., Hewlett Packard, and Ref. 69,
while examples of the second type are presented in Refs. 60
and 36.
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IV. Conclusions
A review of the current state-of-the-art in predicting the

effects of structural modifications on the dynamic response
of structures has been presented. Analytical formulations of
the structural dynamics modification problem fall into three
main categories based on differing assumptions about the
form of the structural modification. It is these assumptions
about the nature of the modifications that allow for a direct
solution to the modified structure using the known dynamic
characteristics of the original structure, hence avoiding a
complete reanalysis. The eigenvalue modification method is
a technique based on localized modifications that leads to an
exact solution of the problem. The modal perturbation and
sensitivity methods are based on the assumption of small
modifications, and the modal condensation method is an ap-
proximate technique based on modal truncation.

These techniques appear to be well developed and offer
differing advantages. The eigenvalue modification method is
best suited to handle the exact solution of arbitrarily large,
simple spring and mass modifications. Extensive modifica-
tions and direct changes to structural elements are difficult
to handle with this procedure. The modal perturbation and
sensitivity methods are best suited to finite modifications of
general structural parameters. The methods give linear for-
mulations for changes on the order of 5%, and by including
higher order nonlinear terms can be used for changes on the
order of 50%. The modal perturbation method has also been
used to formulate the inverse problem of determining the
structural modifications necessary to meet specified con-
straints on natural frequencies and mode shapes, including
optimization criteria. The modal condensation method offers
a general formulation in the form of a reduced eigenvalue
problem. This method appears to be quite attractive for
finite changes on the order of 50%.

The eigenvalue modification method has typically been ap-
plied to mechanical engineering fields, and programs have
been developed to run on minicomputers and interface with
experimental modal analysis packages. The aim of this work
has been to help with the optimization of prototype develop-
ment of mechanical structures. The modal perturbation and
modal condensation methods, on the other hand, have
typically seen application to civil engineering problems. Pro-
grams have been developed to run on mainframe computers
and interface with general-purpose finite element programs.
The aim of this work has been to further the optimization
process in large-scale structural design, particularly where
dynamic constraints and minimum weight are important.

Critical areas of modification theory not fully covered in
the literature include the effects of modal truncation on the
convergence characteristics of all three techniques. Further,
although the techniques are moderately well developed, the
relative performance of the various methods is only poorly
defined for different classes of problems.
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